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We propose a new paradigm for describing complex networks in terms of the spectrum of
the adjacency matrix and its submatrices. We show that a variety of basic node informa-
tion, such as degree, clique, and subgraph centrality, can be calculated analytically.
Moreover, we find that energy of spectrum series can uncover randomness and complexity
of network structure. Interestingly, it presents an universal linear growth pattern with the
growth of networks. Furthermore, the spectrum series of synthetic and real networks pre-
sent clearly self-similarity characteristics for which the associated scaling exponents
remain constant. Our work reveals that spectrum series representation will provide an
alternative perspective for studying and understanding structure and function of complex
networks rather than connectivity.

� 2021 Elsevier Inc. All rights reserved.
1. Introduction

Since the discovery of small-world effect [1] and scale-free property [2], network science has been recognized as a fun-
damental paradigm to study and understand a variety of complex systems encounted in our life. Its importance originates
from its broad applications ranging from sociology, biology, technology, to physiology [3,4]. In fact, a large number of real-
world systems, from human brain composed of billions of neurons, the World Wide Web having a huge number of hyper-
links, to our society consisting of billions of interacting individuals, can all be collectively represented as complex networks.
Naturally, a complex network is fully described by an adjacency matrix for which element one means two nodes are con-
nected, while no links correspond to zeros. This paradigm provides an intuitive way to represent complex networks but it
is not the only (optimal) way—nor does it really benefit for studying all structural properties and dynamical processes
analytically.

Recently, a growing number of studies demonstrated that the network spectrum plays an critical role in shaping and con-
trolling a variety of dynamical processes taking place on networks such as synchronization [5], transportation [6,7], epidemic
spreading [8], and structural controllability [9,10]. In particular, a bigger eigen-ratio will significantly enhance network
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synchronizability [11], while a minimum number of external controllers is fully determined by spectrum of network matrix
[9]. Moreover, it is likely feasible to measure the spectrum of protein molecules rather than exhaustively enumerating links
in biological and chemical settings [12,13]. Thus, an intriguing problem is whether or not we can represent complex net-
works in terms of spectrum instead of connectivity (i.e., adjacency matrix)?.

In this paper, we provide a new framework for describing and characterizing complex networks called the spectrum ser-
ies. The spectrum series is composed of the eigenvalues of an adjacency matrix and its submatrices. Although without link
information, we will show that basic node information, like degree and clique, are accurately preserved in the spectrum ser-
ies representation. Moreover, the energy of the spectrum series can reveal randomness of network structure. Meanwhile, it
presents a clearly linear growth pattern—a likely universal principle controls the growth of networks. Furthermore, we will
show that the spectrum series of networks exhibit long-range correlation characteristics. Our work offers a new path to
describe and study complex networks beyond connectivity.
2. Model description

2.1. Spectrum series representation

We start from a connected network consisting of N nodes. It is traditionally represented by the adjacency matrix A, whose
entries aij ¼ 1 (or 0) for which nodes i and j are (not) connected, see Fig. 1. The associated eigenvalues of A are k1; k2; � � � ; kN ,
respectively. In contrast to previously studies that only focus on the spectrum of adjacency matrix (i.e., fkigNi¼1) [5,10], here
we instead study eigenvalues of the adjacency matrix and of its submatrices together. Specifically, let Mi be the submatrix of

the adjacency matrix A by deleting the ith row and the ith column. Their corresponding eigenvalues are kðiÞ1 ; kðiÞ2 ; � � � ; kðiÞN�1. Tak-

ing the eigenvalues fkigNi¼1 and fkðiÞj gN�1

j¼1
ði ¼ 1;2; � � � ;NÞ together, we called the spectrum series representation of the network,

as illustrated in Fig. 1(c). Note that previous studies show that cospectral networks (i.e., the same spectrum fkigNi¼1) can have
distinct structure organizations [14]. We conjecture that networks with the same spectrum series are isomorphic. Currently,
Fig. 1. Schematic illustration of adjacency matrix and spectrum series representations of complex networks: (a) network structure, (b) The adjacency
matrix, and (c) The spectrum series.
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it is a great challenge to prove this conjecture mathematically. Nonetheless, we will show that a variety of node information
can be expressed analytically in terms of the spectrum series.

2.2. Deriving node information from the spectrum series

A degree is the most basic characteristics of a node, which determines the number of links to a node. Network science is
largely consumed with the study of real networks having scale-free property of degree distribution [2]. Inspired by the pre-

vious findings that the local spectral moments lk ¼
PN

i¼1k
k
i represents the number of closed walks of length k on a given net-

work [15], we have l2 ¼ PN
i¼1ki, where ki is the degree of node i. Similarly, the local spectral moment lðiÞ

2 ¼ PN
j¼1ðkðiÞj Þ2

enumerates how many links the submatrix Mi has when deleting the node i. Thus, we have
Fig. 2.
ki ¼
PN

j¼1k
2
j �

PN�1
j¼1 ðkðiÞj Þ2

2
: ð1Þ
The Eq. (1) points out that the degree of node i can be expressed analytically in terms of the spectrum series.
Beyond degree, triangle is an important small-scale structure in networks, which is in fact the smallest totally homoge-

neous graph [16]. Since a closed walk of order three means a triangle, the moment l3 ¼ PN
j¼1k

3
j gives the number of triangles

on the network. Repeat the same calculation, we obtain
si ¼
PN

j¼1k
3
j �

PN�1
j¼1 ðkðiÞj Þ3

6
; ð2Þ
where si represents how many number of triangles containing node i. This finding provides a way of calculating the number
of triangles within a given node analytically. Consequently, by combining Eqs. (1) and (2) together, the clustering coefficient
Ci of node i is achieved as follows:
Ci ¼
4

PN
j¼1k

3
j �

PN�1
j¼1 ðkðiÞj Þ3

� �

3
PN

j¼1k
2
j �

PN�1
j¼1 ðkðiÞj Þ2

� � PN
j¼1k

2
j �

PN�1
j¼1 ðkðiÞj Þ2 � 2

� � : ð3Þ
We further illustrate these findings by calculating the clustering coefficient on the Barabási-Albert (BA) model [2] and the
Erdös-Rényi (ER) graph [17]. Fig. 2 shows an excellent agreement between the clustering coefficient derived from the adja-
cency matrix and the spectrum series representation. Moreover, from the definition of the local spectral moments, we can

rewrite l2 ¼ PN
i ki and l3 ¼ 3

PN
i si. Subsituting Eqs. (1) and (2) with a few simple algebraic manipulations, we obtain
XN

i¼1
k2i ¼

PN
i¼1

PN�1
j¼1 ðkðiÞj Þ2

N � 2
; ð4Þ
and
XN

i¼1
k3i ¼

PN
i¼1

PN�1
j¼1 ðkðiÞj Þ3

N � 3
: ð5Þ
Comparison of the clustering coefficient calculated from the adjacency matrix and the spectrum series on (a) the BA model and (b) the ER graph.
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These two identities reveal that there is a unique relationship between the eigenvalues of adjacency matrix and of its sub-
matrices. This is a peculiar property only established on the spectrum series of networks, while it is absent for a general
matrix.

Furthermore, node importance is another basic measure in characterizing the structure and function of complex networks
[18]. A variety kind of centrality measures have been introduced for quantifying the relative importance of a node within a
network, such as degree centrality, betweenness centrality, closeness centrality and subgraph centrality. Among them, sub-
graph centrality taking into account of the participation of each node in all subgraphs has received great attention [19]. For a
given network, the subgraph centrality of node i is defined as follows:
SCi ¼
XN

i¼1
v2

i;je
ki ; ð6Þ
where v2
i;j is the jth component of v i and v i is the eigenvector corresponding to eigenvalue ki. Fortunately, the recent findings

show that eigenvectors can be derived from eigenvalues analytically [20]
v2
i;j ¼

YN�1

k¼1

ðki � kðjÞk Þ

YN

k¼1;k–i

ðki � kkÞ
: ð7Þ
Substitution into Eq. (6) gives
SCi ¼
XN

i¼1

eki
YN�1

k¼1

ðki � kðjÞk Þ

YN

k¼1;k–i

ðki � kkÞ
: ð8Þ
Eq. (8) reveals that the subgraph centrality is fully determined by the spectrum series.

3. Simulation results

3.1. Energy analysis of the spectrum series

The previous findings show that the local or small-scale structure information can be derived analytically from the spec-
trum series representation. We further employ energy to extract global information of networks. Energy is commonly used
in graph theory to characterize complexity of a graph [21]. In particular, the energy E of a graph is defined as follows:
E ¼
XN

i¼1
j ki j; ð9Þ
which is the sum of the absolute values of spectrum. We first apply to the small-world (SW) model for which we can use the
rewiring probability p to tune the network from regularity (p ¼ 0) to randomness (p ¼ 1) as expected [1]. We find that with
the increasing of the rewiring probability p, the energy increases gradually. Even varying the edge density
q ¼ PN

i¼1ki=ðNðN � 1ÞÞ, all give qualitatively similar results, as shown in Fig. 3(a). This result shows that the energy in some
extent reveals the randomness of a network. Interestingly, when observing the growth behavior of the energy, we find that it
clearly presents a linear growth pattern when increasing network size N, see Fig. 3(b). This growth pattern seems to be uni-
versal independent of the randomness of the SW model.

Moreover, this growth pattern also emerges on the BA model for which the growth of the energy shows a clearly linear
behavior, as illustrated in Fig. 3(c). Meanwhile, we find that the energy has a closer relationship with the mixing pattern of a
network. In particular, we generate an ensemble of networks with different mixing patterns by using the rewiring technique
[22]. Clearly, it is shown that the energy increases gradually when switching from a disassortative mixing pattern to a assor-
tative mixing one, as illustrated in Fig. 3(c). Result hints that networks of a assortative mixing pattern are more randomness
than that of disassortative mixing pattern. This is further supported by observing the energy on a number of real networks
(detailed information shown in Table 1). As expected, Fig. 3(d) shows that the energy E presents a strong positive correlation
with the assortativity coefficient r. Our findings point out that the energy is an effective indicator for charactizing random-
ness and complexity of complex networks in spectrum series representation.

3.2. Detrended fluctuation analysis of spectrum series

Finally, it is known that self-similarity is an intringing characteristics of complex networks [33]. Here, we adopt
detrended fluctuation analysis (DFA) to explore self-similarity features hidden in the spectrum series [34,35]. Rather than
focusing on the spectra fkigNi¼1 of complex networks [36], we instead pay attention to the eigenvalues
19



Table 1
Summary of the details of the real-world networks. For each network, its size N, the number of edges E, the assortativity coefficient r, and the basic description
of the network, are given.

Data Sets N E r Description

Yeast [23] 662 1062 -0.41 Transcription interactions of genes in the yeast S. cerevisiae
Language [24] 2698 7995 -0.26 World adjacency networks of a text in Japanese language
Protein [25] 1458 1948 -0.21 Nework of the protein–protein interactions
Dolphin [26] 62 159 -0.04 Social network of bottlenose dolphins
Ecoli [23] 2859 6890 -0.16 Transcription interactions of genes in the bacterium E. coli
Celegans [27] 453 2025 -0.22 Metabolic network of C. elegans
Coauthorships [28] 379 914 -0.08 Network of coauthorships of scientists focus on network science
Americal [29] 940 3446 -0.06 Air transportation networks of North America
Email [30] 1133 5451 0.07 Network of e-mail interchanges in a university
Football [31] 115 615 0.16 Network of American college football
Physicians [32] 117 465 -0.08 Network of innovation spread among physicians
Globalnet [29] 3618 14142 0.04 Air transportation networks of global world
Electronic [23] 512 819 -0.03 Network of electronic sequential logic circuits

Fig. 3. Energy analysis of spectrum series: (a) The energy as a function of rewiring probability pwith respect to different edge density q on the ER graph. (b)
The growth pattern of energy with increase of network size N. (c) The mixing pattern effect on the energy of BA network consisting of 1000 nodes. (d) The
energy of spectrum series versus the assortativity coefficient on a variety of real networks.

T. Weng, H. Wang, H. Yang et al. Information Sciences 563 (2021) 16–22
fkðiÞj gN�1

j¼1
ði ¼ 1;2; � � � ;NÞ of the submatrices. Specifically, the entire spectrum series is first integrated via sðtÞ ¼ Pt

k¼1ðkðiÞk � �kÞ
for which �k ¼ PN

k¼1k
ðiÞ
k =N. Then, partition the integrated spectrum series into several overlapping segments of size l and fit

each segment sðtÞ with a polynomial function slðtÞ. Finally, compute the mean fluctuation function

FðlÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

PN
tþ1½sðtÞ � slðtÞ�2

q
by taking the local trends out from the integrated segments. Generally, the mean fluctuation

function FðlÞ is proportional to the box size l such that FðlÞ / la, where a is the scaling exponent [34].
We then apply the DFA to the synthetic networks (i.e., the previous BA model and ER graph). We find that the spectrum

series of each submatrix presents an apparently long-range correlation behavior (see Fig. 4(a) and (b)). Interestingly, it is
20



Fig. 4. The DFA of spectrum series on synthetic and real networks: (a) the BA model, (b) the ER graph, (c) the ‘‘E-mail” network, and (d) the ‘‘Protein”
network. The insets show the scaling exponent a versus the degree k of deleting node for achieving the submatrix.
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shown that even varying the degree k of deleting node for constructing the submatrix, the corresponding profiles show an
identical tendency. This is further confirmed by observing the scaling exponent a versus the degree k of deleting node. The
scaling exponent a likely remain constant over the range of degrees k, as illustrated in the insets of Fig. 4(a) and (b). This
finding points out that although the submatrices will be distinct, their spectrum series however share an identical self-
similarity behavior. Moreover, this interesting phenomenon also emerges on real networks when applied to the ‘‘E-mail”
network [30] and the ‘‘Protein” network [25], see Fig. 4(c) and (d). Our findings reveal that the spectrum series clearly pre-
sent self-similarity characteristics. This feature is a common behavior connecting a seemingly distinct submatrices derived
from a given network.
4. Conclusions

In summary, complex networks are extensively studied through the fundmental lines of connectivity. Here, we introduce
another paradigm for describing networks called spectrum series representation. We show that a variety of basic node infor-
mation, such as degree, clustering coefficient, and subgraph centrality, can be expressed analytically in terms of spectrum
series. Interestingly, we show energy measurement can reveal randomness and complexity of network structure. In partic-
ular, networks with assortative mixing pattern will likely be more complex than disassortative mixing networks. Meanwhile,
we show a linear growth pattern of energy with increase of network size, which possibly reveal universal mechanism con-
trolling the growth of networks. Furthermore, we show that spectrum series clearly present long-range correlation behavior.
Meanwhile, their associated scaling exponents remain constant regardness of the submatrices. Our work opens a new path
for studying complex networks from spectrum perspective. The investigation of dynamical processes, such as disease
spreading [8], transportation [7], and synchronization [5], in this new paradigm will call for additional effects.
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